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Abstract. In relativity, the energy of a moving particle depends on the observer, and 
the rest mass is the minimal energy seen among all observers. The Wang-Yau quasi- 
local mass for a surface in spacetime introduced in [7] and [8] is defined by minimizing 
quasi-local energy associated with admissible isometric embeddings of the surface into 
the Minkowski space. A critical point of the quasi-local energy is an isometric embedding 
satisfying the Euler-Lagrange equation. In this article, we prove results regarding both 
local and global minimizing properties of critical points of the Wang-Yau quasi-local 
energy. In particular, under a condition on the mean curvature vector we show a critical 
point minimizes the quasi-local energy locally. The same condition also implies that the 
critical point is globally minimizing among all axially symmetric embedding provided the 
image of the associated isometric embedding lies in a totally geodesic Euclidean 3-space. 



1. Introduction 

Let S be a closed embedded spacelike 2-surface in a spacetime A^. We assume S is a 
topological 2-spliere and the mean curvature vector field of S in is a spacelike vector 
field. The mean curvature vector field defines a connection one-form of the normal bundle 
OiH = (^1^^63,64), where 63 = — and 64 is the future unit timelike normal vector that 
is orthogonal to 63. Let a be the induced metric on S. 

We shall consider isometric embeddings of a into the Minkowski space M^'^. We recall 
that this means an embedding X : S — t- M^'^ such that the induced metric on the image 
is a. Throughout this paper, we shall fix a constant unit timelike vector Tq in M^'^. The 
time function r on the image of the isometric embedding X is defined to be r = —X ■ Tq. 
The existence of such an isometric embedding is guaranteed by a convexity condition on a 
and T (Theorem 3.1 in [8]). The condition is equivalent to that the metric a -\-dT®dT has 
positive Gaussian curvature. Let S be the projection of the image of X, X{Tj), onto the 
orthogonal complement of Tq, a totally geodesic Euclidean 3-space in M^'^. S is a convex 
2-surface in the Euclidean 3-space. Then the isometric embedding of S into M^'^ with time 
function r exists and is unique up to an isometry of the orthogonal complement of Tq . 

In [7] and [H], Wang and Yau define a quasi- local energy for a surface S with spacelike 
mean curvature vector H m. a, spacetime with respect to an isometric embedding X of 
S into M^'^. The definition relies on the physical data on S which consist of the induced 
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metric a, the norm of the mean curvature vector \H\ > 0, and the connection one-form an- 
The definition also rehes on the reference data from the isometric embedding X : S — >• R^'^ 
whose induced metric is the same as a. In terms of r = —X ■ Tq, the quasi-local energy is 
defined to be 



(1.1) ^(S,t)= [ Sdv^- [ [Vl + |Vr|2 cosh^l^l -Vr-Ve- aniVr) 

where V and A are the covariant derivative and Laplace operator with respect to a, is 
defined by sinh^ = 7'^"^ Finally, H is the mean curvature of S in M^. We note 

that in S(S,t), the first argument S represents a physical surface in spacetime with the 
data (cT, a//), while the second argument r indicates an isometric embedding of the 
induced metric into M^'^ with time function r with respect to the fixed Tq. 

The Wang-Yau quasi-local mass for the surface S in is defined to be the minimum of 
E(T,,t) among all "admissible" time functions r (or isometric embeddings). This admissi- 
ble condition is given in Definition 5.1 of [H] (see also page 8). This condition for r implies 
that E{Ti,t) is non-negative if satisfies the dominant energy condition. We recall the 
Euler-Lagrange equation for the functional E{T,, r) of r, which is derived in [8]. Of course, 
a critical point r of E{Ti,t) satisfies this equation. 

Definition 1. Given the physical data (a, \ H\, an) on a 2-surface S. We say that a smooth 
function t is a solution to the optimal embedding equation for (a, \H\,a}{) if the metric 
a = a -\- dr ® dr can be isometrically embedded into with image S such that 

(1.2) - {Ha^^ - a^'a^^d) ^''^^^ = + div^j— cosh6\H\ - - gg) = 

where V and A are the covariant derivative and Laplace operator with respect to a, 6 is 
defined by sinh 9 = jj^^-^=== . hab and H are the second fundamental form and the mean 

curvature of respectively. 

It is natural to ask the following questions: 

(1) How do we find solutions to the optimal embedding equation? 

(2) Does a solution of the optimal embedding equation minimize -E(S, r), either locally 
or globally? 

Before addressing these questions, let us fix the notation on the space of isometric 
embeddings of (S,(t) into M^'^. 

Notation 1. Tq is a fixed constant future timelike unit vector throughout the paper, 
will denote an isometric embedding of a into M^'"^ with time function r = —X ■ Tq. We 
denote the image of X^ by S,-, the mean curvature vector ofTij- by Hr and the connection 
one-form of the normal bundle of S,- determined by by an^ ■ We denote the projection 
ofTir onto the orthogonal complement of Tq by S,- and the mean curvature ofTir by Hr- 



-'^This notation i5(E, r) is slightly difTerent from [7] and [8] where EiTi, X,To) is considered. However, 
no information is lost as long as only energy and mass are considered (as opposed to energy-momentum 
vector) . 
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In particular, when a has positive Gauss curvature, Xq will denote an isometric embed- 
ding of a into the orthogonal complement of Tq. Sq denotes the image of Xq, The mean 
curvature i^o of Sq can be viewed as a positive function by the assumption. 

In [2], the authors studied the above questions at spatial or null infinity of asymptot- 
ically flat manifolds and proved that a series solution exists for the optimal embedding 
equation, the solution minimizes the quasi-local energy locally and the mass it achieves 
agrees with the ADM or Bondi mass at infinity for asymptotically flat manifolds. On 
the other hand, when an is divergence free, r = is a solution to the optimal embed- 
ding equation. Miao-Tam- Xie [1] and Miao-Tam [5] studied the time-symmetric case and 
found several conditions such that r = is a local minimum. In particular, this holds if 
Hq > \H\ > where Hq is the mean curvature of the isometric embedding Xq of S into 
(i.e. with time function r = 0). 

For theorems proved in this paper, we impose the following assumption on the physical 
surface S. 

Assumption 1. Let H be a closed embedded spacelike 2-surface in a spacetime N satisfying 
the dominant energy condition. We assume that Ti is a topological 2-sphere and the mean 
curvature vector field HofT,inNisa spacelike vector field. 

We first prove the following comparison theorem among quasi-local energies. 

Theorem 1. Suppose S satisfies Assumption 1 and tq is a is a critical point of the quasi- 
local energy functional E{T,,t). Assume further that 

\Htq\ > \H\ 

where Htq is the mean curvature vector of the isometric embedding of S into M^'^ with time 
function tq. Then, for any time function r such that a + dr ® dr has positive Gaussian 
curvature, we have 

E{T.,t) > S(S,To) + S(S,„,r). 
Moreover, equality holds if and only if t — tq is a constant . 

As a corollary of Theorem [H we prove the following theorem about local minimizing 
property of an arbitrary, non-time-symmetric, solution to the optimal embedding equation. 

Theorem 2. Suppose T, satisfies Assumption 1 and tq is a critical point of the quasi-local 
energy functional E{Yi, r). Assume further that 

\Hr^,\ >\H\>{) 

where H-j-g is the mean curvature vector of the isometric embedding X-j-^ of S into M^'^ with 
time function tq. Then, tq is a local minimum for E{T,,t). 

The special case when tq = was proved by Miao-Tam-Xie [1]. They estimate the 
second variation of quasi-local energy around the critical point r = by linearizing the 
optimal embedding equation near the critical point and then applying a generalization 
of Reilly's formula. As we allow tq to be an arbitrary solution of the optimal isometric 
embedding equation, a different method is devised to deal with the fully nonlinear nature 
of the equation. 
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In general, the space of admissible isometric embeddings as solutions of a fully nonlinear 
elliptic system is very complicated and global knowledge of the quasi-local energy is difficult 
to obtained. However, we are able to prove a global minimizing result in the axially 
symmetric case. 

Theorem 3. Let S satisfy Assumption 1. Suppose that the induced metric aofTiis axially 
symmetric with positive Gauss curvature, t = is a solution to the optimal embedding 
equation for S in N , and 

Ho > \H\ > 0. 

Then for any axially symmetric time function r such that a + dr ® dr has positive Gauss 
curvature, 

E{T.,t) > S(S,0). 
Moreover, equality holds if and only if r — tq is a constant . 

This theorem will have applications in studying quasi-local energy in the Kerr spacetime, 
or more generally an axially symmetric spacetime. It is very likely that the global minimum 
of quasilocal energy of an axially symmetric datum is achieved at an axially symmetric 
isometric embedding into the Minkowski, though we cannot prove it at this moment. In 
[1], Miao, Tam and Xie described several situations where the condition Hq > \H\ holds. 
In particular, this includes large spheres in Kerr spacetime. 

In section 2, we prove Theorem [1] using the nonlinear structure of the quasi-local energy. 
In section 3, we prove the admissibility of the time function r for the surface S^-q in M^'^ 
when T is close to tq. The positivity of quasi- local mass follows from the admissibility 
of the time function. Combining with Theorem [U this proves Theorem [2j In section 4, 
we prove Theorem [3l Instead of using admissibility, we prove the necessary positivity of 
quasi-local energy using variation of quasi-local energy and a point-wise mean curvature 
inequality. 

2. A COMPARISON THEOREM FOR QUASI-LOCAL ENERGY 

In this section, we prove Theorem [TJ 

Proof. We start with a metric a and consider an isometric embedding into M^'^ with time 
function tq. The image is an embedded space-like 2-surface S^-q in M^'^. The corresponding 
data on St-q are denoted as | H^^ \ and aH^^ ■ We consider the quasi- local energy of S^-q as 
a physical surface in the spacetime R^'^ with respect to another isometric embedding X^- 
into M^'^ with time function r. We recall that 



^(S,„,t)= / Hdv^ - [ + |Vr|2 cosh0(,,,„)|i/,J - Vr • V0(,,,o) - an^ (Vr) 
where Ot-ri-r.) is defined by sinhOr^^.) = ""^"^ 



dVT, 
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Using E{T,j-q,t), E(Fi,t) can be expressed as 



(2.1) 
where 

(2.2) 



Vr+|W|2cosh6l|i?| -Vr-Ve- aniVr) 



A 



v/l + |Vr|2coshe(,,,„)|//,J - Vr • V0(,,,„) - a^,^ (Vr) 
yr+TVrf cosh6'|i7| - Vr • V6I - ai^(Vr)j dvT:- 



dvT, 



In the following, we shall show that A > E{T,,tq). 

One can rewrite div^aH and diVaaH^^^^ using the optimal embedding equation. First, tq 
is a solution to the original optimal embedding equation. We have 

(2.3) 

VfeVaTo 



diVa-OH 



[H a — a a n, 



cd) 



\/l + iVrop 



+ diva^ 



Vrp 
Vl + |Vro|^ 



(Aro)2 
1 + |Vto|^ 



+ A 



sinh 



Arc 



lii'l^l + IVTol^ 



where hat and are the second fundamental form and mean curvature of S^-q , respectively. 
In [9], it is proved that r = tq is a critical point of E{T,.rQ,T). Hence, 

(2.4) 

Vro 



V TO V ^)cd) yi^Tpv^ 



VfeVaTo 



+ diVa 



^1 + |Vto|^ 



l + |VroP 



+ A 



sinh 



-1 



Arn 



li/^JVl + lVroP 



where hab and are the same as in equation 
Using equations (|2.3|) and (|2.4|) . we have 



A = t V(l + |Vr|2)|/7,J2 + (Ar)2 - ^(1 + |Vr|2)|F|2 + (Ar)2 

At At 
At sinh" ^ — + ATsinh~^(- 



+ At sinh ^ I 



\Hr,\^/l + WW' 

Ato 



\Hyi + \yT\ 



|i?,JVl + |VToP 



At sinh ^(■ 



Ato 



i7|Vl + |VTo|2' 



Vto • Vt 

A/l + |Vro|2 



(Ato)2 

1 + |Vto|2 



(Ato)2 

1 + |VtoP 
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With a new variable x 



and constant xq 



Arp 



integrand is simply 



Vl + |VroP' 



the first six terms of the 



X ( sinh 



sinh 



sinh 



+ sinh ^ j-^) 



Let 



fix) =Vl^roP+x2- vWT^ 



sinh 



sinh 



TO I 



X 

W\ 



sinh 7—^ + sinh ^ 



TO I 



H\ 



Direct computation shows that 



/'(x) = sinh ^ - — - — sinh ^ + sinh ^ 



X 



H 



sinh' 



-1 xo_ 
\H\ 



If |i?Tol > l-f^l) f{xo) = Y^|i?roP + — \/\H\'^ + Xq is the global minimum for /(x) and 
equality holds if and only if x = xq. Hence, 



A> (Vl + |Vr| 



Vro • Vr 

Vl + |Vro|^ 



I -"to I 



(Ato) 



1 + IVtoP 



|i/|2+ 



(Aro) 



l + |Vro|2 



> ( 



1 



|i^ToP + 



(Aro) 



/sVl + lVroP^Ly ' 1 + |Vto|^ 
The last inequality follows simply from 

Vro • Vr 



|i/|2 + 



(Aro)2 



(Vl + lVrl' 



) > (^l + |Vr|2 



l + |Vro|2 
iVrollVr 



> 



1 



^l + |Vro|2^ vv ^i + |Vto|2' Vl + |Vro|2 

and equality holds if and only if Vr = Vro. On the other hand 

1 A (Aro)2 I 



EiJ:,To) 



\H |2 + 



l + |Vro|2 



sVi + |Vto|2^L\/'"'- ' l + |Vro|2 
if one evaluates divaan and diVaaUrQ using equations (12.3j) and (12.4p . 

3. Local minimizing property of critical points of quasi-local energy 



□ 



In this section, we start with a metric a and consider an isometric embedding into M^'^ 
with time function ro- The image is an embedded space- like 2-surface S^-g in M^'^ The 
corresponding data on S^-o are denoted as l-ffrol and OiH-rQ- We consider the quasi- local 
energy of S^-q as a physical surface in the spacetime M^'^ with respect to another isometric 
embedding Xj- into M^'^ with time function r. In this section, we prove that for r close to 
ro, r is admissible with respect to the surface S^g. This shows that, for r close to ro, we 
have 

£(S,g,r) >0 
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3.1. Admissible isometric embeddings. We recall definitions and theorems related to 
admissible isometric embeddings from [8]. 

Definition 2. Suppose i : Ti ^ N is an embedded spacelike two-surface in a spacetime 
N . Given a smooth function t onT, and a spacelike unit normal 63, the generalized mean 
curvature associated with these data is defined to be 

h{^,i,T,e3) = -^/l + \VT\^H,e3) -ae,iVT) 

where, as before, H is the mean curvature vector ofT, in N and a^-^ is the connection form 
of the normal bundle determined by 63. 

Recall, in definition 5.1 of 0, given a physical surface S in spacetime N with induced 
metric a and mean curvature vector H, there are three conditions for a function r to be 
admissible. 

(1) The metric, a + dr dr, has positive Gaussian curvature. 

(2) S bounds a hypersurface Q in N where Jang's equation with Dirichlet boundary 
condition r is solvable on . Let the solution be /. 

(3) The generalized mean curvature /i(S,z,r, 63) is positive where 63 is determined by 
the solution / of Jang's equation as follows: 

63 = cosh 9e3 + sinh Oe^ 

where sinh^ = ^^^-f^ and 63 is the outward unit spacelike normal of T, in 0, ca 

is the future timelike unit normal of 0, in N. 

We recall that from |8] if r corresponds to an admissible isometric embedding and S is a 
2-surface in spacetime A*" that satisfies Assumption 1, then the quasi-local energy E{T,,t) 
is non-negative. 

3.2. Solving Jang's equation. Let {Vt,gij) be a Riemannian manifold with boundary 
dVt = S. Let pij be a symmetric 2-tensor on VL. The Jang's equation asks for a hypersurface 

in J7 X M, defined as a graph of a function / over Q, such that the mean curvature of O 
is the same as the trace of the restirction of p to . In a local coordinate x* on Jl, the 
Jang's equation takes the following form: 

where D is the covariant derivative with respect to the metric gij. When pij = 0, the 
Jang's equation become the equation for minimal graph. Equation of of minimal surface 
type may have blow-up solutions. In [U], it is shown that solutions of Jang's equation can 
only blow-up at marginally trapped surface in 0. Namely, surfaces 5 in such that 

Hs ± trsp = 0. 

Following the analysis of Jang's equation in j6] and [8], we prove the following theorem 
for the existence of solution to the Dirichlet problem of Jang's equation. 
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Theorem 4. Let {Q,gij) be a Riemannian manifold with boundary dfl = S, pij be a 
symmetric 2-tensor on Vt and t be a function on S. Then Jang's equation with Dirichlet 
boundary data r is solvable on $7 if 

Hy. > \trY:p\, 

and there is no marginally trapped surface inside il. 

Following the approach in [6] and Section 4.3 of [8], it suffices to control the boundary 
gradient of the solution to Jang's equation. We have the following theorem: 

Theorem 5. The normal derivative of a solution of the Dirichlet problem of Jang's equa- 
tion is bounded if 

Ht. > \trY;p\. 

Remark 1. In [1], Andersson, Eichmair and Metzger proved a similar result about bound- 
edness of boundary gradient of solutions to Jang's equation in order to study existence of 
marginally trapped surfaces. 

Proof. We follow the approach used in Theorem 4.2 of [8] but with a different form for the 
sub and super solutions. Let gtj and pij be the induced metric and second fundamental 
form of the hypersurface 0. Let S be the boundary of with induced metric a and mean 
curvature Hy, in il. We consider the following operator for Jang's equation. 

We extend the boundary data r to the interior of the hypersurface We still denote the 
extension by r. Consider the following test function 

/ = ^+. 

e 

where d is the distance function to the boundary of fi. We compute 

Dif =-^'d^ + D,T 
e 

D.Djf =^{^f"didj + ^'d,j) + D.DjT 



Therefore, 



Pfj D D f 
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At the boundary of ^l, it is convenient to use a frame {63,63} where are tangent to the 
boundary and 63 is normal to the boundary. 

Daf =DaT. 

As e approaches 0, we have 

Moreover, the distance function d to the boundary of 0, satisfies 

a^'^dadb = and a^^dab = H^- 
Hence, we conclude that 

Qif) = ^\Hj: + trj:p + 0{e) 

As a result, sub and super solutions exist when Hy, > \trY,p\. One can then use Perron 
method to find the solution between the sub and super solution. □ 

Remark 2. Here we proved the result when the dimension of Q is 3. The result holds in 
higher dimension as well. 

3.3. Proof of Theorem 2. 

Proof. It suffices to show that, for r close to tq, t is admissible with respect to S^-q in M'^'^ 
if is spacelike. 

For such a r, the Gauss curvature of cr + dr Cg) dr is close to that of cr + dr^ (g) dro. In 
particular, it remains positive. This verifies the first condition for admissibility. 

We apply Theorem [4] in the case where S bounds a spacelike hypersurface Q in M'^'^ 
and Qij and pij be the induced metric and second fundamental form on Q, respectively. 
Moreover, that the projection of T, onto orthogonal complement of Tq is convex since the 
Gauss curvature of a + dr dr is positive. 

The mean curvature of S is spacelike implies that \Hy,\ > |trsp|. Moreover, the pro- 
jection S is convex implies Hj] > 0. It follows that ifs > Moreover, there is no 
marginally trapped surface in M'^'^, [3]. As a result, Jang's equation with the Dirichlet 
boundary data r is solvable as long as S = has spacelike mean curvature vector. This 
verifies the second condition for admissibility. 

To verify the last condition, it suffices to verify it for tq since it is an open condition. 
Namely, it suffices to prove that 

/i(S,X^(,,ro,e3) > 0. 

Lemma [4] in the appendix implies that the generalized mean curvature X^-q, tq, 63) 
is the same as the generalized mean curvature X^-q , tq, 63(2^-0)) where 63(^^-0) is the 
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vector field on S^-q obtained by parallel translation of the outward unit normal of T,ro along 
Tq. The last condition for tq now follows from Proposition 3.1 of [8], which states that for 

/i(S,X^o,ro,e3(S^J) = > 0. 

VI + |Vto|^ 

□ 



4. Global minimum in the axially symmetric case 

In proving Theorem 3, we need three Lemmas concerning a spacelike 2-surface S,- in 
M^'^ with time function r. First we introduce a new energy functional which depends on a 
physical gauge. 

Definition 3. Let S be closed embedded spacelike 2-surface in spacetime N with induced 
metric a. Let 63 he a spacelike normal vector field along S in N. For any f such that the 
isometric embedding of a into M^'"^ with time function f exists, we define 

(4.1) £;(E,e3,/)= / Hfdv^ - [ h{Y.,iJ,e^)dv^ 

where h{T,,i, fjC^) is the generalized mean curvature (see Definition\^. 

This functional is less nonlinear than E{T,,f). Provided the mean curvature vector H 
of S is spacelike, the following relation holds 

E(S,/) = ^(S,er (/),/) 
where e'^^^{f) is chosen such that 

-A/ 



{H,er{f)) 



l^l\/l + |V/|2 



In addition, the first variation of E{Ti, e^, f) with respect to / can be computed as in 

where hab and H are the second fundamental form and mean curvature of Sj, respectively. 

We recall that for S,-, assuming the projection onto the orthonormal complement of Tq 
is an embedded surface, there is a unique outward normal spacelike unit vector field esCE-r) 
which is orthogonal to Tq. Indeed, es{TiT-) can be obtained by parallel translating the unit 
outward normal vector of Sr; ^, along Tq. 

Lemma 1. For a spacelike 2-surface S,- in M'^'^ with time function t, f = t is a critical 
point of the functional EiTir, 63(1!,-), /). 
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Proof. The first variation of 63 (S,-), /) at / = r is 

where h = (i/,-, 63(2,-)) and a = 023(2,-) are data on with respect to the gauge e3(S^) 
and hab and H are the second fundamental form and mean curvature of S^-. Denote the 
covariant derivative on S with respect to the induced metric a by t7. We wish to show 
that the first variation is 0. 
Recall from [8], we have 

1 + |Vt|2 

Moreover, we have the following relation between metric and covariant derivative of 
and Tir- 

a =a --—r=-r7T,a V aT = , , 1^ in , and VaVfeT 



l + |Vr|2' " i + |Vr|2' " " l + |Vr|2 

In addition, for a tangent vector field W, V aW = + ^^".^ i ■ As a result, 



[Ha -a a hcd) 



V1 + |Vt|2 



VbiiHa'''' - <7''^<T^''MVl + |VT|2V,r] - {Ha'^' - a'^'=«,d)(Var)(Vfe ^/l + I Vt|2) 
- [Ha - a a hcdjVaT- 



V1 + |Vt|2 



Hence, 



^ Vi + |Vt|2 Vi + |Vt|2^ 

Vfe[(F<7'^^ - -T'^^a^'^MVl + lVrPV^T + ^^^^^^^^ + a"] 



1 + I Vt|^ 

^ , -a^%dr'' ,^ , b^ 



On the other hand, by definition. 



aa = -^=l=={Vj^u, To + Vr) 



^1 + |Vr|2 y^l + |Vr|' 
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Hence, 

: r7ra(Vr)+a = — ; — — = — — 

l + |Vr|2 ^ ^ ^1 + |Vt|2 l + |Vr|2^l + |Vr|2 ^1 + |Vr|2 

This shows that 

, - — Vr + a'' = 

V1 + |Vt|2 1 + |Vt|2 ^ > 

and completes the proof of the lemma. □ 

Lemma 2. Let Xg^-^Q < s <\ he a family of isometric embeddings of a into M.^'^ with time 
function sr. Suppose So, the image of Xq, lies in a totally geodesic Euclidean 3-space, 
and TjgT, the image of X^r, projects to an embedded surface in for < s < 1. Assume 
further that Sq is mean convex and Hq > {Hst,Hst) for < s < 1. Regarding Sq as a 
physical surface in the spacetime M^'^, then 

^(So,t) > 0. 

Proof. Instead of proving admissibility of r, we will use variation of the quasi- local energy 
and the point-wise inequality of the mean curvatures. 
Hence, we consider 

F{s) = E{^o,st) 

for 0<s<l. F{0) = and we shall prove that F{1) is non-negative by deriving a 
differential inequality for F{s). 
Let 



For any < sq < 1, G{s) is related to E{T,s(,r,e3{^soT), st) by 
(4.2) 

G{s) = E{T.sor,e3{^soT),ST)+ / (-(i^sor,e3(S^o^))A/l + |Vst|2 -ag3(s,g,)(VsT)) dvs.Q,. 

Son T 



As a consequence of Lemma [U we have 

d ~ 

—E{^soT, e3(S^or), sr) = 0. 

OS s=so 

By equation ([42]) . 



G'iso) = I ( -(^^o^;^"3(S.o.)).o|Vr|2 _ \ 



So 



QUASI-LOCAL ENERGY 

Recall that by the definition of quasi-local energy: 



F{s) = G{s) - [ I J{l + \sVT\^)H^ + isATy - sAt sinh'^ ( 

Jso \ ^ Hoy'l + \s 



We write the integrand of the last integral as 



+ IsVrP 



V1 + |sVt|2" ''Ho^/l+WW 
Differentiate this expression with respect to the variable s, we obtain 
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s\Vt\ 



^l + s2|Vr|2 \^ 
- Vl + s2|Vr|2 



(sAr)2 



(sAt) 



l + |sVr|2 y/l + |sVt| 

sAt _i sAr 

■ smh (- 



: sinh 



sAt 



(1 + |sVt|2)3/2 'Hoy^l + \sVT\ 



(1 + |sVT|2)i7o^ + (sAr)2 - sATsinh~^( 



(^Ar)2 
1 + |sVt|2' 



s + s2|Vr|2 

Since the induced metrics on S^qt and T,q are the same, we can evaluate all integrals on 
the surface Sq. This leads to 



s S Jso 



The assumption > {Hgr, Hgr) implies the last term is non- negative and thus 

F'{s) > 



V1 + s2|Vt|2 

le last 
Fis) 



As F{0) = F'{0) = 0, the positivity of F{s) follows from a simple comparison result for 
ordinary differential equation. □ 

The last lemma specializes to axially symmetric metrics. 

Lemma 3. Suppose the isometric embedding Xq of an axially symmetric metric a = 
P^dO^ + Q"^ siv? OdcfP' into is given by the coordinates {u sin (p,u cos 4>,v) where P, Q, u, 
and V are functions of 9. Let r = t{6) be an axially symmetric function and be the 
isometric embedding of a in M'^'^ with time function r. The following identity holds for the 
mean curvature vector H-^ ofL-j- in M'^'-'^. 



{Hr, Ht) — Hq 



2 (vgAr — TgAv) 
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where A is the Laplace operator of a. 

Proof. The isometric embedding for an axially symmetric metric is reduced to solving ordi- 
nary differential equations. The isometric embedding of a into M'^ is given by (n sin (j), u cos 0, v) 
where 

The isometric embedding of the metric a + dr ® dr into is given by {u sin 0, u cos (j), v) 
where 



Thus, 



Differentiating one more time with respect to 0, 



vee 



and therefore 

= -(vqI^v + TgAr). 

For the mean curvature, we have 

={A{usm(p)f + {A{ucos(f>)f + {Avf, and 
{Hr,Hr) ={A{usm(l))f + (A(ncos0))^ + (Av)^ - {Arf. 
Taking the difference and completing square, we obtain 

Hi - {Hr,Hr) ={^vf + (At)2 - (Av)^ 

[vgAr — TgAv]^. 



□ 



Let's recall the statement of Theorem [3l 



Theorem 3 Let S satisfy Assumption 1. Suppose that the induced metric a ofTi is axially 
symmetric with positive Gauss curvature, t = is a solution to the optimal embedding 
equation for S in N, and 

Ho > \H\ > 0. 

Then for any axially symmetric time function r such that a + dr ® dr has positive Gauss 
curvature, 

E{^,t) > E(S,0). 
Moreover, equality holds if and only if r — tq is a constant . 



QUASI-LOCAL ENERGY 
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Proof. By Theorem [H it suffices to show that E{T,q,t) > 0. First, we show that for any 
< s < 1, the isometric embedding with time function st exists. Recall the Gaussian 
curvature for the metric a + dr dr is 

[K + {1 + \VT\'r'det{V'r)] 

where K is the Gaussian curvature for the metric a. Since K and /^+(l + |Vrp)~'^(iei(V^T) 
are both positive, we conclude that a + d{sT) (8) (i(sr) has positive Gaussian curvature for 
all < s < 1. By Lemma O we have Hq > {Hsr, Hst) ■ The theorem now follows from 
Lemma [21 □ 

Appendix A. Proof of Lemma H] 

Here we present the proof of lemma U] used in the proof of Theorem 2. Since the lemma 
is a general statement for any time function tq, we use r instead of tq. 

Lemma 4. For a surface S,- in M'^'"^ which bounds a spacelike hypersurface Q, let f be the 
solution of Jang's equation on ft with boundary value r. Then 

h{T,,Xr,T,e'^) = h(T.,Xr,T,e3(J:r)) 

Proof. It suffices to show that 63 = e^CFiT-)- For simplicity, denote e3{T,T-) by 63 in this 
proof. 

Let Q and T, denote the projection of and its boundary, S,-, to the complement of Tq. 
Let V be the covriant derivative on S and D be the covariant derivative on Q. Let V be 
the covriant derivative on S. 

Write as the graph over $7 of the function /. / can be viewed as a function on 0, as 
well. / is precisely the solution to Jang's equation on with Dirichlet boundary data r. 

We choose an orthonormal frame {ia} for TS. Let 63 be the outward normal of S in fi. 
{ea,e3,To} forms an orthonormal frame of the tangent space of M'^'^. The frame is extend 
along Tq direction by parallel translation to a frame of the tangent space of M^'^ on S. 

Let {63, 64} denote the frame of the normal bundle of S such that 63 is the unit outward 
normal of S in and 64 is the furture directed unit normal of Q in W^'^. In terms of the 
frame {ea,e3,ro}, 



63 

(A.l) 



1 



1 - |VT|2e3 + -jMi^in + Vr) 
1- iVrP 



64= , \ =iTo + Df) 

Let {63,64} denote the frame determined by Jang's equation. By definition 5.1 of [8], it is 
chosen such that 

/ /N -e3(/) 
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Using equation (jA.ip . 

(63,64) 

As a result, 



Mf) 



V^^+WW ^l + |Vr|yi-|Z)/|Vl-|Vr| 
-esif) 



(63,64; 



l-\Df\'^ 



since (1 - |Vr|2)(l + |Vr|2) = 1. 

On the other hand, the frame {63, 64} is the frame of normal bundle such that 63 = 63. 
In terms of the frame {e^, 63, Tq}, 



64 



Tq + Vt 
1 - iVrl 



e3(/)(-l + |VTn 



-63(7) 



Using equation (jA.ip . 

(63,64) = 
As a result, 

(63,64) = (63,64) 

Hence, {63,64} and {63,64} are the same frame for the normal bundle of S 



1- iVrP 



l-|D/lVl-|Vr|2 



□ 
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